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ABSTRACT

Pathological changes of penetrating arteries (PA) within the centrum semiovale is an important contributing
factor of cerebral small vessel disease (SVD). However, quantitative characterization of the PAs remains chal-
lenging due to their sub-voxel sizes. Here, we proposed a Model-based Analysis of Complex Difference images
(MACD) of phase contrast MRI capable of measuring the mean velocities (Vmean), diameters (D), and volume flow
rates (VFR) of PAs without contamination from neighboring static tissues at 7 T.

Simulation, phantom and in vivo studies were performed to evaluate the reproducibility and errors of the
proposed method. For comparison, a Model-based Analysis of Phase difference images (MAP) was also carried out
in the simulation. The proposed MACD analysis approach was applied in vivo to study the age dependence of PA
properties in healthy subjects between 21 and 55 years old.

Simulation showed that our proposed MACD approach yielded smaller errors than MAP, with errors increasing
at lower velocities and diameters for both methods. In the phantom study, errors of the MACD-derived Vmean, D,
and VFR were <20% of their true values when vpean > 1cm/s and similar at different spatial resolutions. On the
other hand, errors of the uncorrected apparent velocities were 24-60% and depended strongly on voxel size. The
MACD errors linearly increased with the angle («) between the vessel and slice normal direction at o < 2° but
remained almost constant at larger «. Results of the in vivo studies showed that the coefficients of repeatability for
Vmean, D, and VFR for PAs with a =0° were 0.67 cm/s, 0.060 mm, and 0.067 mm3/s, respectively. No significant
age dependence was found for the number, Vpean, D, and VFR of PAs. The mean Vpean, D, and VFR over all PAs
with a = 0° were 1.79 £ 0.62 cm/s, 0.17 + 0.05 mm, and 0.36 +0.18 mm3/s, respectively.

Quantitative measurements of PAs with the MACD method may serve as a useful tool for illuminating the
vascular pathology in cerebral SVD.

1. Introduction

strategies for small vessel diseases.
Phase contrast (PC) MRI is an established method for measuring

Pathological changes of penetrating arteries (PAs) within deep white
matter (WM) of the centrum semiovale (CSO) play a critical role in ce-
rebral small vessel disease (SVD) (Fisher, 1968; Jorgensen et al., 2018;
Pantoni, 2010; Snyder et al., 2015; van Swieten et al., 1991; Wardlaw
et al., 2001). Narrowing or occlusion of PAs could lead to focal ischemia
(Bernbaum et al., 2015) whereas leakage of the blood brain barrier of PAs
could result in accumulation of toxic components in surrounding tissues
(Fisher, 1968; Montagne et al., 2018; Wardlaw et al., 2001). Thus, the
ability to non-invasively measure the morphological and functional
properties of PAs should facilitate delineating these underlying pathol-
ogies, which may in turn allow the development of effective treatment

blood flow in large arteries such as internal carotid and basilar arteries
(ten Dam et al., 2007; van der Veen et al., 2015). More recently, the
increased spatial resolution at 7T has enabled measurements of the ve-
locity of lenticulostriate arteries in the basal ganglia (Bouvy et al., 2016;
Kang et al., 2016; Schnerr et al., 2017). However, the majority of PAs in
the CSO have diameters less than 100 pm (Furuta et al., 1991; Miao et al.,
2004), making it difficult to assess their structural and functional prop-
erties without severe partial volume effects using MRI (Geurts et al.,
2018b). Different image analysis strategies have been proposed to ac-
count for partial volume effects for flow quantification of small intra-
cranial vessels. For example, Tang et al. proposed to correct the volume
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flow rate in voxels near the lumen boundary by the ratio of image in-
tensity in such voxels to that of voxels fully occupied by blood (Tang
et al.,, 1995). However, this method is not applicable to PAs since no
voxel fully occupied by blood exists. Furthermore, the method did not
consider the difference in flow-induced signal enhancement between
spins in boundary and fully occupied voxels which exists because of their
difference in velocities. Hamilton proposed to fit a circle to a pair of
velocity-encoded data in the complex plane (Hamilton, 1994). However,
this method did not consider the blurring effect due to finite k-space
sampling. Lagerstrand et al. proposed to correct the partial volume effects
using a calibration curve obtained from a separate measurement on a
flow phantom with similar relaxation and flow properties (Lagerstrand
et al., 2002). Due to the requirement of a calibration curve, this method
cannot be readily applied to in vivo studies with unknown flow rates.
Hoogeveen et al. proposed Model-based Analysis of Phase difference
images (MAP) to correct for partial volume effects (Hoogeveen et al.,
1999), where the model image accounts for blurring due to the limited
spatial resolution and flow-induced signal enhancement. However, the
accuracy of the MAP approach for sub-voxel vessels was not systemati-
cally evaluated, and the error for volume flow rate (VFR) already reached
~45% when the voxel dimension was only slightly greater than (1.1
times) the vessel diameter. Furthermore, a two-pool model was assumed
in calculating the model phase images, which may not be applicable to
PAs due to the presence of surrounding perivascular spaces (PVSs), vessel
wall, and WM with different MR properties. Assuming a
two-compartment model, Nitz et al. derived an analytical solution to
correct partial volume effects in measuring the flow of cerebral spinal
fluid (Nitz et al., 1992). However, in addition to the potential errors
introduced by the two-compartment model, reference regions fully
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occupied by flowing spins were needed, and flow-induced signal
enhancement was not considered.

In order to mitigate the limitations of the aforementioned approaches,
we propose a new approach for measuring diameters and flow velocities
of PAs based on Model-based Analysis of Complex Difference images
(MACD) in PC MRI. Complex difference eliminates the static tissue
contributions in images. Therefore, our approach is applicable even when
there are multiple static tissue compartments. Furthermore, compared to
the MAP method, the MACD approach utilizes both the phase and
magnitude changes induced by flow, leading to improved precision of
fitted parameters. Detailed simulation, phantom studies, and in vivo
evaluation of the precision and accuracy of our proposed approach were
conducted. The developed method was then applied to study the po-
tential age-related changes of PAs in 44 healthy subjects between 21 and
55 years old. Note that a list of abbreviations used throughout this
manuscript is provided in the supporting materials.

2. Methods and materials
2.1. Theory

The proposed MACD approach consists of fitting the experimentally
measured complex difference images with a model complex difference
image to derive PA properties. The model image was calculated by
convoluting a true complex difference image with a point spread function
(PSF) to account for the finite spatial resolution of the MRI images. Fig. 1
shows the flow-chart of the proposed MACD method.

The PA was assumed to be perpendicular to the imaging plane. Due to
the non-Newtonian property of human blood, the velocity (v) within the

Fig. 1. Flow chart of the MACD method. (A) A
penetrating artery with an assumed flow velocity
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PA does not follow the laminar pattern as described by a parabolic
function of the distance from the vessel axis:
V(X,Y) = 2Vean [1 — 4(x* + ) /D], (@)
where Viean is the mean velocities and D is the lumen diameter. Instead,
the velocity profile is blunter than a parabola, i.e. the velocities are
higher than a parabola except for at (x? +y2) = 0 and (x? +y?) = D?/4
where they are equal between the two profiles. The following profile
obtained by averaging over multiple experiments will be adopted to
represent the velocity profile in PAs (Koutsiaris, 2009):

V(5,y) = 149,000 [1 — 2.32(2 +2) /D?] [1 — 41 (2 + yz)“/Dﬂ] @
Errors caused by the mismatch between the assumed and true profiles
will be evaluated by simulation.

Because spins with different velocities have different spin history
while traveling through an imaging slice, the transverse magnetization
integrated along the slice direction (M") is velocity dependent. The
functional form of M (v) (Fig. 1(B)) can be obtained using Bloch simu-
lation for given TR, flip angle (FA), and RF slice selection (SS) profile
(n(z), Fig. 1(C)), as described in the Appendix (Eq. (A1) and (A2)). From
M, (v) and the assumed velocity pattern (Eq. (1) or (2)), image M (x,y)
can be calculated. The phase of the M‘, (x,y) images can be modulated by
applying a velocity encoding gradient. The complex difference of
M (x,y) (Fig. 1(D)) with and without the velocity encoding gradient
removes the static spin contributions in the image. The complex differ-
ence is then convoluted with sinc-shaped PSFs, gridded to match the
voxel size of measured complex difference images, and converted from
magnetization to image intensity by multiplying a scaling factor (A),
which produces the final model complex difference image (Fig. 1(E)) as:
CD(x,y) = A{M’L(v(x,y)) -(ei”"("‘>')/VENC - l)} ® PSF(x,y) - I(x,y), 3)
where (x,y) is the gridding function, and M (x,y) = 0 when (x?+
¥?) > D?/4. PSF(x,y) is related to the largest measured k-space co-
ordinates along x- and y-axes (kymax and ky ma) as

PSF(x,y) = Ky maxkymax [SINC (K maxX)sine (Kymaxy) | /7. )

The scaling factor A can be estimated from the mean signal (S,,,) of a
nearby WM ROI (blue ring in Fig. 1(F)) as
A=7Sun /My ®)
where y is the blood-WM water partition coefficient (y = 1.05 in healthy
adult brain (Herscovitch and Raichle, 1985)) and M' i_wm is the transverse
magnetization of WM integrated along z. The equation for calculating
M .. is given in the Appendix (Eg. (A3)).

Although the proposed MACD method still requires the signal from
adjacent WM for calculating the factor A, the model complex difference
image (Eq. (3)) only contains a single pool, as opposed to two-pool
models proposed by others (Hoogeveen et al., 1999; Nitz et al., 1992;
Tang et al., 1995). Therefore, our method does not entail an appropriate
modeling of static tissues in close proximity to the PAs, and is therefore
more suitable for PAs where signals from nearby static tissues with un-
known composition can overlap with PAs due to the limited spatial res-
olution. The WM ROI for calculating A can be chosen as surrounding
voxels fully occupied by WM, such as those within the blue ring in
Fig. 1(F), thus avoiding the partial volume effects of unknown tissue
compositions.

In contrast to MACD, the MAP method fits the measured phase dif-
ference image with a model image calculated from

9(x.9) = arg (In(.3) L (.9)) ©
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where I,, and I, are the two-pool model complex images with and
without velocity encoding gradients, respectively, and are given by

lon(,3) = A-{ ML (4(,9)) - 0V gt H (2255 - D) [y}
® PSF(x,y) - II(x, )
@)

and

Ly(x,y) =A -{Ml(v(x,y)) + M’meH<2\/x2 Ty - D) /}/}

®PSF(X,y) H(X‘y), (8)
where H(x) is the Heaviside step function.

Experimentally, complex difference can be calculated directly from
measured I,y (x,y) and Iyg(x,y) as

CD()C/y) :[un(xvy)_ off(x',y)' (9)

Alternatively, when I, has a zero phase (after removing constant
offset and slow spatial variations which can be induced by eddy-current),
Eq. (9) can be written as
CD(x,y) = |lon(x,y)lexp(ip(x,)) = |Lor(x, )], 10
where ¢ is the phase difference resulting from the presence of velocity
encoding gradients. For phased array coils, phase difference is calculated
as

@o(x,y) = arg (ZIOM (x,y) -I:“.‘C (x,y)) , (11D

where ¢ denotes the coil index (Bernstein et al., 1994). Equation (10) is
more straightforward to calculate than Eq. (9) for phased array coils since
there is no need to reconstruct combined phase images for I, and Io.
However, the assumption of zero phase may not hold for I if negative
Gibbs ringing signal from the vessel exceeds the signal of surrounding
tissue. In such a case, Eq. (10) is no longer valid and complex difference
image should be calculated from Eq. (9). The presence of phase oscilla-
tions caused by Gibbs ringing can be visually identified in uncombined
phase images of individual coils.

Before calculating the complex difference images using Eq. (10), the
phase difference and magnitude images should be detrended to remove
slow spatial variations in the background near PAs. For this purpose, we
fitted the pixel values in the ring-shaped WM ROI using a second order
polynomial:

B(x,y) = co + c1x + 2y + ¢3x* + cay* 4 csxy 12)

The fitted functions were then subtracted from the original images to
ensure homogeneous background. In case of the magnitude images, a
constant equal to the means within the ring-shaped WM ROI were added
back to the subtracted images so that only spatial variations were
removed.

The MACD method estimates Vinean, D, and VFR (which is 2D*Vean/4)
by nonlinear least-square fitting of the experimentally obtained complex
difference images with model images calculated from Eq. (3) in a circular
ROI enclosing a given vessel (the orange circle in Fig. 1(F)), with Viean, D,
and vessel position in the ROI as free parameters. In contrast, the MAP
method fits the phase difference images with the model image calculated
from Eq. (6), as proposed by Hoogeveen et al. (1999). Note that the viean,
D parameters are implicitly included in Egs. (3) and (6) via their effects
on v(x,y).

It is important to note that in order to ensure accuracy of the MACD
fitting results, the PC MRI sequence should acquire images with and
without the velocity encoding gradient (Fig. 2(A)), which will be referred
to as one-sided encoding, instead of acquiring two images with opposite
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(A) One-sided encoding

Im.

Ss,off orSs,an Re.
(B) Two-sided encoding
Im.
PD
Sf,+ CD
Ss0rSg . S Re.

Fig. 2. Graphic representations of the stationary and flowing spin signals,
complex difference (CD), and phase difference (PD) in the complex plane in
scans with (A) one-sided and (B) two-sided velocity encoding gradients. The
subscript s and f denote stationary and flowing spins, respectively. In (A), on and
off denote the gradients on and off. In (B), + and - denote the opposite polarities
of the gradients.

polarities of the gradients (two-sided encoding; Fig. 2(B)). In the two-
sided encoding, the real part of the complex difference image is always
zero and the velocity encoding phase information is lost. As a result,
velocity mainly affects the overall intensity of the complex difference
image. Its effect then becomes similar to that of the vessel diameter.
Therefore, the errors of the fitted vipean and D values become highly
correlated and sensitive to noise. In contrast, in the one-sided encoding,
the phase is mostly determined by Viean, While the signal intensity is
determined by both Vean and D. Therefore, different information on the
complex difference images are utilized to optimize Vpean and D during
fitting, resulting in smaller measurement errors.

2.2. Simulation

We carried out simulations to evaluate errors resulting from noise as
well as model parameters for both the MACD and MAP approaches. The
following three simulations were carried out.

Simulation 1: The goal was to study the noise-induced random and
systematic errors, including their dependences on true vpean, and D, and
to compare errors between MACD and MAP. Complex images were
simulated by adding complex Gaussian white noise to Egs. (7) and (8),
assuming a two-compartment (WM + blood) model. The values of the
model parameters are listed in Table 1, which match closely with in vivo
experimental conditions at 7T. The images were sampled to a voxel size
0f0.156 x 0.156 mm? (half the acquired voxel size) and had a matrix size
of 23 x 23. We assumed the blunted parabolic velocity profile as given by
Eq. (2). The blood and WM T; values were taken from (Rooney et al.,
2007). The blood and WM T, values were measured at internal carotid
arteries (ICA) and WM ROIs, respectively, in a single young healthy
subject (age 21, male) using a multi-echo gradient echo sequence. y value
is from (Herscovitch and Raichle, 1985).

The SD of the Gaussian noise was chosen such that the SNR of the WM
image intensity matched with the WM SNR in in vivo Study 1 (SNR ~ 27).
Nineteen true D and 20 true Vpyean values were simulated. The diameters
were in the range of 112-353 pm, which corresponds to partial volume

Table 1
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fractions (PVF) of 10-100% in a step size of 5%. The PVF was calculated
as PVF = n-D?/(4Ax4,), where A, x A, is the acquired in-plane voxel
size (0.31 x 0.31 mmz). True Vean Was in the range of 0.1-2cm/s in a
step of 0.1 cm/s. The phase difference images were calculated from the
simulated images via Eq. (6). To match the analysis procedure for
experimental images, detrending was also performed (although not
needed) on the phase difference and magnitude images on a background
ROI centered at the vessel and having inner and outer radii of 0.94 and
1.72 mm, respectively. Then, complex difference images were calculated
from the detrended images with Eq. (10). They were then fitted with the
model images to derive vessel parameters. Only voxels within a circular
ROI with a radius of 3 voxels centered at the vessel were included in the
fitting.

The fitting procedures were repeated 200 times in each simulation
condition with new noise for each repetition to calculate the means and
standard deviations (SD) of the fitted Vipean, D and VER over the repeti-
tions. The 200 repetitions would allow estimation of SDs that are within
10% of their true values with 95% confidence (Greenwood and Sando-
mire, 1950). The SDs and the differences between the means and true
values are referred to as the random and systematic errors, respectively,
throughout the paper.

Simulation 2: The goal was to evaluate the dependence of the MACD
errors on the noise level. Simulated images were generated in the same
way as that described in Simulation 1. Two true Viean of 1 and 2 cm/s and
two PVF of 20% and 40% were simulated. The SD of the Gaussian noise
was adjusted to achieve WM SNRs of 5-40 in a step of 5. The simulated
range corresponds to expected SNRs for scan durations ranging from
~105s-10 min (number of averages ~ 1-64).

Simulation 3: The goal was to evaluate systematic errors of the MACD
results due to mismatches in model parameter values adopted during
simulation and model fitting. The SNR of the WM signal was the same as
that in Simulation 1. The assumed true PVF was 20% and true Vpyean Was
1 cm/s. During simulated image calculation, one of six parameters
including blood and WM T, blood and WM T>*, FA, and y, was set to
80-120% of its value listed in Table 1, in a step of 5%, while the other
parameters were set to values listed in Table 1. Alternatively, the flow
pattern was assumed to be laminar while keeping the six parameter
values the same as in Table 1. During fitting, all parameters have the
same values as listed in Table 1.

The convolution in Egs. (3), (7) and (8) was implemented using finite
element calculation with an element width equal to 1/64 of the acquired
voxel size. The five central lobes of the sinc function were taken to speed
up the calculation, as the errors due to truncation were found to be
negligible (Hoogeveen et al., 1999). The convoluted small voxel size
images were downsampled by a factor of 32 to produce the final simu-
lated images. The model images were calculated in real-time during
fitting. The fitting was carried out with the function “Isqnonlin” in
MATLAB (MathWorks, Natick, MA, USA), which returned vessel position
in cm, D in mm, and Vyean in 10 cm/s when the final step size was less
than 107°. In almost all cases, Isqnonlin returned after less than 100 it-
erations and took ~15s on a Windows PC equipped with Intel Core
i7-7500U CPU and 16 GB RAM. The initial values for vpea, and D were
randomly set to 20%-180% of their true values while the initial vessel
position matched its true location.

2.3. Phantom experiments

All phantom and in vivo experiments were performed on a Siemens 7T
human MRI scanner (Siemens Healthineers, Erlangen, Germany) using an

Model parameter values in the simulation. Values in the first six columns are also adopted for calculating model CD imaging in MACD of in vivo images.

Blood and WM Parameters at 7T

Sequence Parameters in Simulation

velocity profile Y
Blunted parabolic 1.05

Blood T3
2.6s

WM Ty
1.2s

Blood T2*
29 ms

WM To*
24 ms

TE (ms)
15.7

FA
45°

Voxel size (mm?)
0.31252

TR (ms)
26

Slice Thickness VENC (cm/s)
2mm 4
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eight-channel transmit and thirty two-channel receive coil (Nova Medi-
cal, Wilmington, MA, USA). No RF shimming was performed during the
scan.

Phantom preparation: A flow phantom was constructed to validate the
accuracy of the MACD approach and to evaluate its dependence on flow
velocity and tilt angle. The phantom consisted of a polyimide thermoset
plastic tube with ID=0.165mm and OD=0.305mm (Neuralynx,
Bozeman, MT, USA) penetrating horizontally through a cylindrical
plastic cup with ID = 3.5 cm and height = 4.0 cm. Both the cup and tube
were filled with tap water. The tube was connected to a 1 ml syringe via a
polyethylene PE-10 tube. The syringe was driven by a syringe pump
(PHD 2000 Dual Syringe Pump, Harvard Apparatus, Holliston, MA, USA)
at constant flow rates to achieve desired viean.

MRI parameters: Images were acquired with a single slice 2D PC MRI
sequence using one-sided velocity encoding gradient. To guide the
placement of the imaging slice, the flow phantom was imaged with a 3D
GRE sequence. In the 3D images, the tube was visualized as a dark line.
Water T;, needed for calculating the factor A, was measured with a
variable TR turbo-spin echo sequence with 9 TR values (Conturo et al.,
1987). The sequence was repeated four times to improve accuracy.
Because of the B; field inhomogeneity at 7T, B; maps were obtained at
the beginning of the experiment to achieve the desired flip angle at the
tube in the imaging slice. The B; mapping sequence consisted of a
slice-selective pre-saturation pulse followed by a gradient echo imaging
sequence. B; values were calculated from the intensity ratio with and
without applying the pre-saturation pulse. All parameters are provided in
columns 2-5 in Table 2.

Two different studies were carried out. Study 1 was designed to study
the dependence of the errors of the MACD results on velocity, when the
vessel was perpendicular to the imaging slice. The scan was performed at
four vmean of 0.8, 1.0, 1.25 and 1.5cm/s, respectively. Study 2 was
designed to study the systematic errors of the MACD results at different
tilt angles from the slice normal direction. Viean Was set to 1 cm/s and the
slice orientation was varied such that the plastic tube formed angles of
0 to 10° from the slice normal direction. The scan under each condition
was repeated for 7 to 18 times to improve the precision and evaluate the
inter-scan SDs.

Data_analysis: Images were reconstructed offline to a voxel size of
0.1563 x 0.1563 mm? by zero padding in k-space before inverse Fourier
transform. To study the effect of spatial resolution on MACD results, two
sets of images were reconstructed. The first set utilized all acquired k-
space data, achieving a resolution of 0.31 x 0.31 mm?. In contrast, the
second set zero-filled 40% of the acquired outer k-space along the phase
encoding direction, resulting in an acquired voxel size of
0.31 x 0.52mm?. From the reconstructed images, phase difference and
magnitude images were calculated using Eq. (11) and root mean square
of coil magnitude images, respectively.

The complex difference images were calculated using Eq. (10) from
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the phase difference and magnitude images after detrending. Equation
(10) was used for complex difference image calculation as no phase os-
cillations were observed in I, Ring-shaped background ROI were
defined which had inner and outer radii of 1.6mm and 3.4 mm,
respectively. The tube center was determined as the brightest voxel in the
magnitude image. The MACD analysis was performed for voxels within a
circular ROI with a radius of 0.047 mm (3 voxels) centered at the tube.
Since water is a Newtonian fluid, we assumed a laminar velocity profile
as given by Eq. (1). The procedures of nonlinear fitting were identical to
that in the Simulation section. Signal intensity in the background ROI
was used for obtaining the scaling factor A using Eq. (5), with WM T; and
T, replaced by those of tap water. As both the vessel and background
contained tap water, y = 1 and the T, value has no effect on the model
image. The water T; was obtained by fitting the standard longitudinal
magnetization recovery equation to the signal versus TR curve in a cir-
cular ROI of 1-cm diameter outside the tube.

For comparison, apparent velocities (vappa) without correcting for
partial volume effects were also calculated from the phase value (¢) of
the voxel at the tube center in the detrended phase difference images as:
Vappa = VENC - /7.

The means and SDs of Vappa, Vmean, D, and VFR obtained under the
same scan and spatial resolution conditions were calculated and from
which random and systematic errors were estimated as described in the
Simulation section. To allow the comparison of random errors between
the two spatial resolutions when their scan times are equal, SDs for the
0.31 x 0.52 mm? results were normalized by /5/3 to compensate for the
shorter acquisition time spent on acquiring only the central part of the k-
space. Wilcoxon signed rank tests were performed to compare the MACD
results estimated from the two spatial resolutions. For both phantom and
in vivo results, a p value less than 0.05 was considered significant and
Bonferroni correction was used to correct for multiple comparisons.

2.4. In vivo experiments

Two in vivo studies were carried out to (1) evaluate the reproduc-
ibility and voxel size dependence of MACD approach in vivo (reproduc-
ibility study), and (2) study the age dependence of the PA properties
(age-dependence study). The studies were approved by the Institutional
Review Board at University of North Carolina at Chapel Hill. Written
informed consent was obtained from each subject before the MRI scans.

Subjects: 50 healthy volunteers without history of hypertension or
neurological diseases participated in the study: 6 (ages: 21-41 yrs; 4 male)
in Study 1, and 44 (ages 21-55 yrs; 12 male) in Study 2. The subjects in
Study 2 were evenly distributed between 21 and 55 years old. The age
range was chosen to allow investigating the age-dependent morphological
changes of PA and surrounding PVS in relatively young and healthy
subjects. The results for the PVS study will be published separately.

Table 2

MRI sequence parameters for phantom and in vivo studies.
Sequence Phantom In vivo

PC MRI 3D GRE Variable-TR TSE B1 map PC MRI (Study 1) PC MRI (Study 2) 3D TSE B1 map
TE (ms) 15.7 2.38 12 1.89 15.7 15.7 328 1.89
TR (ms) 30.0 6.6 280 15000 25.5-30.0 30.0 3000 8000
— 18000

VENC (cm/s) 4 N/A N/A N/A 4 4 N/A N/A
FOV (mm?) 200 x 162.5 100 x 100 x 64 220 x 220 120 x 120 200 x 162.5 200 x 162.5 210 x 210 x 99.2 200 x 200
Resolution (mm?) 0.31 x 0.31 0.52 x 0.52 1.7 x1.7 19x19 0.31 x 0.31 0.31 x 0.52 0.41 x 0.41 3.1x3.1
Slice thickness (mm) 2 0.5 5 5 2 2 0.40 5
Matrix Size 640 x 520 192 x 192 128 x 128 64 x 64 640 x 520 640 x 312 512 x 512 64 x 64
Slices 1 128 1 8 1 1 248 16
FA (degree) 45 4 90 8 30, 45, or 60 45 variable 8
BW (Hz/pix) 78 310 130 490 78 78 376 490
GRAPPA factor 1 2 1 1 2 2 3 1
Averages 5 1 1 1 15-20 20 1 1
Scan time (min) 2:37 1:30 11:56 0:30 3:36-4:59 3:26 8:03 0:16
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Data acquisition: The PC MRI sequence was identical to that used for
the phantom study. The imaging parameters are given in the 6th and 7th
columns of Table 2. The scan time was comparable to those in a recent
study (Geurts et al., 2018a). We acquired a single axial slice at 1.5 cm
above the corpus callosum. In Study 1, the slice location and voxel size
matched with those suggested in a recent study (Geurts et al., 2018a).
Large FAs (i.e. > Ernst angle) were chosen to increase in-flow signal
enhancement and suppress white matter signal. Three FAs were used and
were found to produce similar numbers of PAs in WM. Therefore, their
results were combined in group analysis. To evaluate reproducibility,
scans were performed twice during the same session with identical pa-
rameters. In Study 2, the sequence parameters matched closely with
those in Study 1, except for a lower spatial resolution of
0.3125 x 0.5208 mm>. In addition to acquiring images at 1.5 cm above
the corpus callosum, a second slice 0.4 cm inferior to the first slice was
acquired in a subset of subjects (n =29). The second slice was used to
study the position dependence of the measured PA properties. To
determine the PA orientation relative to the imaging slice, subjects were
also scanned with a To-weighted 3D variable flip angle TSE sequence to
visualize the PVSs surrounding the PAs (Bouvy et al., 2014; Zong et al.,
2016), assuming that the PA and surrounding PVS have the same
orientation. B; maps were acquired to achieve the desired FA in the CSO
region. Parameters for the TSE and B; mapping sequences are given in
the last two columns of Table 2.

Data_analysis: The phase difference and magnitude images were
reconstructed to a voxel size of 0.1563 x 0.1563 mm?. To study the ef-
fects of voxel size for in vivo MACD results, image resolution in Study 1
was reduced to 0.31 x 0.52mm? using the identical method described
for the phantom images. PAs were automatically delineated from the
phase difference and magnitude images with the original spatial reso-
lution of 0.31 x 0.31 mm? using a threshold based method, as described
in the supplementary materials. The orientations of delineated PAs were
determined from those of matched PVSs automatically segmented from
the 3D TSE images (Lian et al., 2018). The details of PVS orientation
determination can also be found in the supplementary materials, where
we estimated the uncertainty for PVS orientation to be about 6°.

MACD analyses were only performed on PAs that can be matched
with PVSs such that their tilt angles could be determined and was found
to be 0°. The procedures for complex difference image calculation and
fitting were the same as in the phantom study, except that the blunted
parabolic velocity profile was assumed. The PA positions were estimated
from the center of mass of each PA cluster. The inner and outer radii of
the ring-shaped background ROI were 0.94 mm and 1.72 mm, respec-
tively, while the radius of the PA ROI for fitting was 0.47 mm. y and blood
and WM T; and Ty* values were the same as those listed in Table 1. As
early studies have reported PA diameters in the range of 40-536 pm in
the basal ganglia, PAs with fitted diameters greater than 536 pm were
considered outliers and excluded from analysis (Fisher, 1968; Pesce and
Carli, 1988). Such outliers accounted for 2.7% of all perpendicular PAs
analyzed.

For the reproducibility study, PAs that were detected in the first scan
were matched to those in the second scan in the same subject if their
centers of mass were separated by less than 2 mm. PAs that were sepa-
rated by more than 2 mm in the two scans were assumed to be different
PAs. Those matched PAs were then used for generating Bland-Altman
plots and estimating the coefficients of repeatability (CR) of the fitted
Vmean, D, and VFR. To compare the in vivo CR with simulation results, the
simulated SD versus true D and true vy, results were interpolated to the
measured mean Vpean and D, which was then multiplied by 1.96v/2 to
obtain simulated CRs for comparison.

Group means and SDs of the number of delineated PAs (Npy) were
calculated. Means and SDs of the fitted D, Vpean, and VFR over all
perpendicular vessels in all subjects were also calculated. Because of the
different Npy in the subjects, all statistical analyses in D, Vmean, and VFR
were performed over vessels without first averaging within each subject,
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except for the comparison of the MACD results of the superior and
inferior slices and for Fig. 9(B)-(D) where, for clarity, means and SDs
over PAs within each subject were plotted. The same statistical tests as in
the phantom study were performed to compare the MACD results be-
tween the two spatial resolutions in Study 1. Spearman's correlation and
linear regression analysis were performed to study the relationship be-
tween the vessel properties and age. 95% confident intervals for the
slopes of the changes in the vessel properties with age were calculated
from the linear regression.

2.5. Data and code availability statement

The MRI images and Matlab codes for simulation and performing
MACD analysis are available in Mendeley Data (https://doi.org/10
.17632/8bsgw4rhtr.1).

3. Results
3.1. Simulation

In our study, a five lobe sinc pulse apodized with a Hamming window
was employed. The SS profile (z) obtained via Bloch simulation is shown
in Fig. 1(C). The corresponding normalized M’ (v) is shown in Fig. 1(B),
assuming blood T;=2.6s and TR=26ms. For comparison, the
normalized M", (v) for an ideal pulse with a boxcar SS profile identical to
that assumed by Hoogeveen et al. are also shown (Hoogeveen et al.,
1999). It is clear from Fig. 1(B) that M', (v) depends strongly on the SS
profile. Therefore, the M‘ (v) curve for the apodized sinc pulse was
employed for the simulation and analysis of phantom and in vivo images.

Fig. 3(A), (C), and (E) show the random errors of the MACD and MAP
results simulated at different true Vpyean, and PVF. The random errors
increased with decreasing true Vyean and PVF. Furthermore, the random
errors of the MACD results were much smaller than those of MAP. For
example, for a vessel with PVF = 0.2 (D = 0.16 mm) and flow velocity of
1 cm/s, the random errors of Vean and D for MACD were 0.12 cm/s and
0.016 mm, respectively, whereas the corresponding errors were 0.44 cm/
s and 0.061 mm, respectively, with the MAP approach.

Noise-induced systematic errors of the fitted Vmean, D, and VFR are
shown in Fig. 3 (B), (D), and (F). The systematic errors were lower with
the MACD approach than MAP. The errors were generally larger at lower
true Vmean and D but also increased when the true Vyea, and PVF
approached 2 cm/s and 1, respectively. However, all systematic errors for
MACD were <3% of the true parameter values when true vyean>0.8 cm/s
and PVF>0.2.

Fig. 4 shows the dependence of noise-related MACD errors on noise
levels (1/SNR). The random errors were approximately proportional to
the noise level in all cases. Furthermore, the systematic errors were
negligible when SNR>15. At lower SNR, non-zero systematic errors were
observed, consistent with the results shown in Fig. 3.

Systematic errors in fitted Vpean, D, and VFR caused by errors of
assumed blood and WM T; and T»*, FA, and y in calculating model image
are shown in Fig. 5. Viean Was almost independent of the model param-
eter errors, while D varied linearly with WM T;, WM T;, blood T;, and y.
D was almost independent of the true blood T; and exhibited a nonlinear
dependence on true FA. In all cases, the maximum diameter error was
<10%, when the errors in model parameters were 20%. When the true
velocity profile was laminar instead of the assumed blunted parabolic
flow, the systematic errors for fitted Viean, D, and VFR were 25%, —13%,
and —5%, respectively.

3.2. Phantom study

A water T; of 3.02 + 0.16 s was measured using the variable-TR TSE
sequence and was used for calculating the model images for MACD
analysis. Consistent with simulation, the random errors of the MACD
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Fig. 3. Color maps of the random ((A), (C),
(E)) and systematic errors ((B), (D), (F)) of
the fitted Viean, D, and VFR in the simulation
as a function of true Viean and partial volume
fraction. The left and right images in each
panel correspond to MACD and MAP results,
respectively. A log scale was used in the color
maps to accommodate the large range of
values. The parameter a in the color bar is
equal to 5cm/s, 2mm, and 2mm?/s for
Vmean, D, and VFR, respectively. Overall, the
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Fig. 4. Dependences on the white matter SNR of the (A-C) random and (D-F) systematic errors of MACD results. Different symbols correspond to different com-
binations of true Vmean (1 and 2 cm/s) and PVF (20% and 40%), respectively. As expected, the errors increase at lower SNR.

results increased monotonically with decreased velocity (Fig. 6(A) — (C)).
The errors were similar between the two voxel sizes.

Without correcting for partial volume effects, the vappa under-
estimated the true velocities by 0.24-0.33cm/s (19%-38%) and
0.43-0.61 cm/s (36%-54%) for voxel size of 0.31 x 0.31 mm? and
0.31 x 0.52mm?, respectively. After the correction with MACD, the ab-
solute differences between the measured and true vyean Were reduced to
0.02-0.14 cm/s (2%-9%) and 0.001-0.09 cm/s (0.1%—-6%) for these two
voxel sizes, respectively, for Viean > 1 cm/s (Fig. 6(D)). In addition to
correcting for Vmean errors, MACD-derived D and VFRs also agreed well
with the true values at Vpean > 1 cm/s, as shown in Fig. 6(E) and (F),
where their errors were 0.001-0.016 mm (0.5%-11%) and
0.003-0.05 mm?>/s (1%-20%), respectively. However, the errors became
larger for Vmean and D and reached 19% and 31%, respectively, at a lower
Vmean Of 0.8 cm/s.
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The differences in Vyean, D, and VFR between the two voxel sizes were
not significant (p-values > 0.07) at all four vpean except for VER at true
Vmean Of 1.25 cm/s (p = 0.0054) and 1.5 cm/s (p = 0.023). However, both
values were not statistically significant after Bonferroni correction.

The errors of Vimean, D, and VFR depended linearly on the tilt angle of
the vessel when the angle was <2° (Fig. 6(G) — (I)). When the angle was
greater than 2°, the angular dependences became much weaker. On the
other hand, v,pp, remained relatively stable over the whole tilt angle
range. The D and VFR errors were independent of voxel size when the
angle was <2° but became strongly voxel-size dependent above 2°.

3.3. Invivo study

3.3.1. Reproducibility study
Representative magnitude and phase difference images from Study 1
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are shown in Fig. 7(A) — (C), where the red circles denote the penetrating
arteries. The average number of delineated PAs over all scans were
27 +9 (mean and SD; N =12; 6 subjects x 2 scans/subject), of which
18 +£10 can be identified in the repeated images acquired from same
subjects. Furthermore, among the vessels identified in both images, 6 + 3
can be matched with a segmented PVS from the Ty-weighted images to
determine the orientations of the vessels. Among the matched vessels,
4 + 3 were perpendicular to the imaging plane and were analyzed with
MACD. The Viean, D, and VFR averaged over those vessels and their CRs
are given in the second and third rows of Table 3, for spatial resolutions
of 0.3x0.3mm? and 0.3 x 0.5mm?, respectively. The Bland-Altman
plots of Viean, D, and VFR are shown in Fig. 8. The CRs for viean, D,
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Fig. 6. (A)-(C) random and (D)—(F) systematic
errors of the MACD results in the flow phantom at
different true Vpean. (G)—(I) systematic errors at
different tilt angles of the tube relative to the slice
normal direction. The two colors represent the
two different voxel sizes. For comparison, the
differences between the apparent and true Vpyean
are also shown in (D) and (G) as dashed lines. The
random errors for the blue lines in (A)-(C) are
divided by /5/3 to account for the shorter scan
VEFR times at lower resolution.
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and VFR at 0.3 x 0.3 mm? were 195%, 328%, and 136% greater than the
corresponding CRs interpolated from the simulated SDs at
Vmean, = 1.6 cm/s and D = 0.14 mm.

The Wilcoxon's signed rank test showed a significant difference in
Vmean (p = 2.5 X 107°) and VFR (p=4.2x 107°) between the two voxel
sizes, but no significant difference in D (p = 0.65). The differences in
Vmean and VFR remained significant after Bonferroni correction.

3.3.2. Age-dependence study

We observed no significant age effect in the number of PAs (Npa) or the
PA properties, as shown in Fig. 9(A)-(D) for PAs in the superior slice. The
average number of detected PAs in the slices was 33 + 17, among which
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Fig. 7. (A) A representative PC MRI magnitude image with velocity encoding gradient off. (B) and (C) are magnified magnitude and PD images, respectively, of the
region enclosed by the rectangle in (A). Red circles enclose PAs identified by the thresholding method.

Table 3

Means (columns 3-5) and coefficients of repeatability (columns 6-8) of in Vivo Viean, D, and VFR results. The numbers in the parentheses are standard deviations in

columns 3-5 and CRs relative to the mean values in columns 6-8.

Voxel Size (mm?) Vmean (CM/S) D (mm) VFR (mm?®/s) CR of Vijean (cm/s) CR of D (mm) CR of VRF (mm°®/s)
Reproducibility Study 0.3x0.3 1.6 (0.5) 0.14 (0.02) 0.25 (0.07) 0.67 (42%) 0.06 (42%) 0.067 (27%)
0.3 x 0.5 mm? 1.8 (0.5) 0.15 (0.02) 0.31 (0.10) 0.73 (40%) 0.052 (35%) 0.12 (39%)
Age-dependence study 0.3 x 0.5 mm? (superior) 1.79 (0.62) 0.17 (0.05) 0.37 (0.18) N/A N/A N/A
0.3 x 0.5 mm? (inferior) 1.72 (0.61) 0.17 (0.05) 0.40 (0.23) N/A N/A N/A
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Fig. 8. Bland-Altman plots of the (A) Vimean, (B) D, and (C) VFR differences between the two scans in the in vivo Study 1. The values for the horizontal axes are means

over the two scans. Each symbol corresponds to one perpendicular PA matched in
difference) away from the mean value.

9+6 (30% =+ 15%) could be matched with a PVS in 3D Ta-weighted
images and 6 + 5 (19% =+ 13%) were perpendicular to the imaging slice.
To avoid errors due to vessel tilt, the Vipean, D, and VFR in Fig. 9(B)-(D)
only included vessels that were perpendicular to the imaging plane. Only
31 subjects were included in these figures as five subjects were excluded
due to the presence of severe motion artifacts in the images and no
perpendicular vessels were found in another 8 subjects. The Spearman's
correlation coefficients between age and Npp, Viean, D, and VFR were not
significantly different from zero (p > 0.56). Linear regression of the four
parameters versus age gave 95% confidence intervals for their slopes of
[-0.25 0.17] yr’l, [-0.006,0.010] cm/s/yr, [-0.0003,0.0010] mm/yr, and
[-0.0012,0.0037] mm?®/s/yr, respectively. As no age effects were
observed, mean results averaged over the perpendicular vessels in all
subjects were also calculated. The resulting mean Vpean, D, and VFR are
given in the fourth rows of Table 3, in good agreement with results of
Study 1 at the same spatial resolution (second row in Table 3).

In the subset of 29 subjects with a second more inferior slice, four
were excluded due to motion and another five were excluded due to a
lack of perpendicular vessels. No significant difference was observed in
the Npa, Vmean, D, or VFR between the two slice locations. The Wilcoxon
signed rank test of the intra-subject inter-slice difference in Npy, mean
Vmean, D, or VFR over all perpendicular vessels in the slice was not sig-
nificant (p > 0.63). The mean Vyean, D, and VFR over the 20 subjects are
given in the fifth row of Table 3.
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the images of the two scans. The dashed lines are £1.96 SD (SD of inter-scan

4. Discussion

In this study, we carried out simulation, phantom, and in vivo studies
to evaluate the proposed MACD approach for estimating Viean, D, and
VFR from phase contrast MRI. According to our simulation results
(Fig. 3), the MACD method offers an improved precision and accuracy
when compared to an earlier method utilizing only phase images (Hoo-
geveen et al., 1999), enabling quantitative characterization of PA prop-
erties in the presence of severe partial volume effects. The improvements
of MACD method over MAP can be explained by several factors. First, the
number of data points for the model fitting is doubled in MACD. Second,
a more accurate modeling of flow-induced signal enhancement is per-
formed. Finally, viean and D are sensitive to different information in the
complex difference images, as explained in the Theory section.

Our simulation at different noise levels suggests that under in vivo
conditions, i.e. WM SNR ~27, the random errors of the fitted viyean, D,
and VFR increase linearly with noise, while there are almost no systemic
errors at SNR>10(Fig. 4). Therefore, it is preferable to acquire multiple
short ~3 min scans as in the current study to reduce measurement errors.
With a longer scan, head motion could lead to image blurring and offset
the SNR gain, resulting in less accurate results (Geurts et al., 2018a).

The application of the MACD approach requires determination of FA,
blood T, T; and the scaling factor A, which depends on three WM tissue

properties (i.e. Ty, T1.wm, and y). Our simulation (Fig. 5) shows that
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Fig. 9. (A) Number of detected PAs, (B) Viean, (C) D, and (D) VFR in different subjects versus their ages in the superior slices that were 1.5 cm above CC. In (A), the
black circles represent all PAs detected by the thresholding algorithm while the blue squares are those that could be matched with PVSs. In (B)-(D), the symbols and
error bars represent the means and SDs over all perpendicular PAs in a subject, respectively. The lines are least square linear fits.

errors in those parameters in general result in smaller percent errors in
the PA parameters, especially for Viean and D. It is interesting to note that
Vmean 1S NOt sensitive to errors in those parameters, which can be
explained by the fact that Vipean is determined mostly from the phase of
the complex difference image, while the six parameters only affect the
magnitude of the model images. Since these parameters can be altered
under diseased conditions, their values should be measured to ensure
accuracy of the D and VFR results.

In both the simulation and phantom studies, the random errors in-
crease at a lower velocity, which can be explained by smaller flow
enhancement and thus lower SNR. It is interesting to note that in the
phantom study, despite the decreased PVF with retrospectively down-
sampled images, the accuracy and precision of the MACD results are
similar to those obtained from the original higher resolution images.
Nevertheless, the apparent velocities differ greatly between the two
resolutions, suggesting that the partial volume effects are properly
modeled in the MACD approach. Due to the small sizes of the vessels, its
spectral density extends well beyond the boundaries of the sampled k-
spaces and only the relatively flat low frequency components are sampled
at both resolutions. Therefore, the scan time normalized SNR of the
complex difference images are similar at the two spatial resolutions,
which explained the similar random errors of the MACD results
(Fig. 6(A)-(C)) between the two resolutions.

The measurement of angular dependence of MACD results found a
strong effect of the tilt angle (a) at a <2°. The reason for the strong
angular dependence is unclear. The flow-induced phase shift should have
cosa dependence on the angle, which has a quadratic angular depen-
dence. The angular dependence may be related to the misalignment of
the vessel cross sections within the imaging slice which instead has a tana
dependence. More study is needed to understand the origin of the strong
angular dependence and develop methods to correct for the angular
effects.

We further obtained the CRs of in vivo MACD results, which were
176%-338% higher than estimated from simulation. In addition to the
presence of random noises, in vivo images can also suffer from head
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motion induced artifacts. In the future, prospective motion correction
techniques may be incorporated to reduce motion artifacts, which can in
turn reduce CR (Gallichan et al., 2016).

We note that although the measured vessel properties were not
significantly different between voxel sizes of 0.31 x 0.31 mm? and
0.31 x 0.52mm? in the flow phantom, this finding differs from in vivo
results. In Study 1, the Vpean for 0.31 x 0.52 mm? was ~0.2 cm/s (13%)
higher than that at 0.31 x 0.31 mm?, while D is similar between the two
voxel sizes. The reason underlying the discrepancy remains unknown.
The potential tilt of the PAs can not explain the observed results since it
would cause stronger voxel size dependence in D than in Vipean, as shown
in Fig. 6(G) and (H). Other possible reasons such as presence of PA
curvature need to be explored in future studies.

We found no significant age-dependent changes in PA properties in 31
neurologically normal subjects with ages ranging between 21 and 55 years.
In a recent study (Geurts et al., 2018a), no significant differences in
apparent velocity and number of PAs were observed between young (mean
age 26 yrs) and old age groups (mean age 63 yrs), consistent with our re-
sults. Other studies focusing on the internal carotid arteries reported small
diameter increases of ~6%-12% between subjects of 21-30 and 51-60
years old (Jeon et al., 2018; Kamenskiy et al., 2015). Similar small changes
in PA diameters are unlikely to be detected in the current study and fall
within the 95% confidence interval of the change rate of D with age.

The PA properties measured in healthy subjects in this study may
serve as normative values for studying pathologically induced PA
changes in SVD and other neurological diseases. In SVD, both narrowing
of PA lumen and leakage of the blood brain barrier have been implicated
as important contributing factors in the pathogenesis of the disease
(Fisher, 1968; van Swieten et al., 1991; Wardlaw et al., 2001). The MACD
method proposed in this study can be applied to evaluate whether or not
lumen narrowing is present in patients. Furthermore, reduced cerebral
blood flow in the WM has been reported in SVD patients (Bernbaum
et al., 2015; Yao et al., 1992). Quantitative measurements of PAs with
MACD can potentially reveal whether CBF reduction is associated with
reduced velocity in PAs alone, suggesting increased resistance due to
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reduction of capillary density (Joutel et al., 2010), or narrowing of PA 5. Conclusions
lumen, or both. In addition, vascular reactivity measurement with hy-
percapnic challenge is a promising technique for assessing the functional We have developed a new MACD approach for quantitative mea-
integrity of the PAs in SVD (Geurts et al., 2018b). Our MACD analysis surement of Vean, diameter, and VFR of penetrating arteries in CSO in
approach may help determine whether the apparent velocity increase in the presence of severe partial volume effects. Our simulation demon-
response to hypercapnic challenge is due to velocity increase alone which strates that MACD results have smaller random and systematic errors
may be passively induced by increased velocity of upstream vessels, or when compared to MAP. Our phantom study revealed increased random
due to active PA dilations. errors at lower velocity, in agreement with simulation. Tilt angle be-
There are several limitations of the proposed MACD approach. First, tween vessel and slice normal direction has a strong effect on the accu-
the MACD results depend strongly on the orientation of the PAs relative racy of MACD results. When there is negligible tilt, accurate
to the slice normal direction. Since it is challenging to achieve high ac- measurements of Vyean, D, and VFR were achieved with relative errors
curacy (error < 1°) for determining PA orientations for in vivo studies, the <20% at Vimean > 1 cm/s. In vivo PA diameters and velocities and their age
orientation dependence will introduce additional uncertainties to the dependences were measured for the first time in the CSO of healthy

MACD results. Second, the MACD approach approximates the blood human subjects. No significant age effects were observed in healthy
vessels as straight cylinders, which does not hold for tortuous vessels that subjects between ages of 21-55 yrs. The proposed MACD method may

may occur inside enlarged PVSs (Brown et al., 2002). Third, in addition serve as a useful tool for investigating pathological PA changes in small
to PA orientation, the accuracy of the MACD results also relies on the vessel disease.

assumptions of the flow pattern and the values of six parameters in

Table 1. For applications to diseased populations, it is important to Acknowledgements

evaluate the potential changes of the parameters due to the diseases. Last,
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Appendix A. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.neuroimage.2019.03.059.
Appendix

In the following, the equations for numerically calculating M, and M', . will be described.
In the presence of flow perpendicular to the slice, spins at position zimmediately prior to a RF pulse is at position z — v - TR at the corresponding time
of the previous TR. Therefore, assuming a steady state and that the transverse magnetization is completely spoiled after readout, the longitudinal

magnetization M, at these two locations are related to each other via the following equation:

M, (v,z) =1—[1 = M.(v,z—v-TR) -cos(FA-n(z — v-TR))] -exp( — TR/T\), (A1)

where T , is the blood Ty, and FA the flip angle, and #(z) the normalized RF slice selection profile. M, (v,z) can be calculated iteratively from Eq. (A1)
until reaching sufficiently large iteration numbers (n) for which 57(z — nTR - v) = 0 and M, (v,z — nTR-v) = 1. The total transverse magnetization (M" ) at
a given location (x, y) is a function of its velocity v(x,y) and is given by an integration of M, (v,z) along 2:

M () = / : M (v, e = exp( ~ TET;,) 1 : M. (v, 2)sin(FA - () )dz, (A2)

where TE is the echo time, and T;’b is the blood T. During model fitting and simulation, the M, versus v curve can be pre-calculated prior to calculating
the convolutions and used to interpolate M’ at arbitrary v at the positions of the elements for calculating convolution.

For WM, we have v = 0 and an analytical expression can be obtained for M, (v, z) from Eq. (A1), resulting in the following equation for the total WM
transverse magnetization:

—_— . © [1 —exp( — TR/ T} wm)]sin(FA - 1(z))
Mm = exP( - TE/T2~Wm) ‘/,w 1 — cos(FA - (z)) - exp( — TR/T]_Wm)dZ’ (A3)

where Ty ym and Tj ,,,, are the WM T; and T5.
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